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REGIONAL IMPACT ANALYSIS SYSTEM
L

DESCRIPTION OF THE MRIO MODEL
Carolyn W. Anderson

Applied Economics Division
Mathematics and Computation Laboratory

Executive Office of the President
Office of Emergency Preparedness
Office of the Assistant Director for Resource Analysis

FOREWORD

This Technical Report is one in a series documenting OEP's assimilation and
adaptation of the Multiregional Input-Output model developed at the Harvard
Economic Research Project under joint sponsorship by the Economic Development
Administration, Department of Commerce, the Office of Emergency Preparedness,
and other agencies. The objectives of the assimilation and adaptation efforts are to
provide a data base and first approximation analytic capability for analyzing the
regional economic impacts of economic and other contingencies short of nuclear war.
The complete set of manuals and reports in the Regional Impact Analysis Series
is listed below:

I.

DESCRIPTION OF THE MRIO MODEL - Carolyn W. Anderson (TR-83).

II.

MRIO DATA BASE : MAPS - Carolyn W. Anderson, Raymond F. Fuller
(TM-226).
IMS - Carolyn W. Anderson, Joan L. Woods

III.

MRIO DATA BASE
(TM-227).

IV.

REGIONAL DISTRIBUTION OF NATIONAL AGGREGATE FINAL
DEMAND - Carolyn W. Anderson, Raymond F. Fuller (TM-228).

V.

VI.

REGIONAL FEEDBACK MODEL : DESCRIPTION - J. Randolph
Norsworthy (TR-84).
REGIONAL FEEDBACK MODEL
Okamoto (TM-229) .

COMPUTER PROGRAM - Tatsuo

This series may be expanded to include additional manuals and reports in the
future.
Mrs. Carolyn W. Anderson has been the key figure in this effort and deserves
great credit for its progress.

J. R. NORSWORTHY
Chief, Applied Economics Division
Mathematics and Computation Laboratory

ABSTRACT

The purpose of this report is to describe the multiregional input-output model
and t he associated multiregional accounting system, and to document the MAPS run
set up to solve the full-scale 79 industry, 44 region model on the UNIVAC 1108
Computer.
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REGIONAL ThIPACT ANALYSIS SYSTEM
I.

I.

DESCRIPTION OF THE MRIO MODEL

INTRODUCTION

]

The multiregional input-output (MRIO) model provides an analytical tool which
takes into account the interregional as well as the interindustry relationships in the
U.S. economy. The purpose of this report is dual: to familiarize the reader with the
multiregional model itself, and to provide documentation for the MAPS run set up
to solve the model.

]

Sections II and III discuss the multiregional accounting system and the
mathematical formulation .of the MRIO model, respectively. 1 The MAPS run is
described in Appendix A. Appendix B contains a bibliography of selected material
on regional input-output models and on the multiregional input-output model.
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1
These sections are adapted from Parts II and VII of "A Multiregional Input-Output Model for the U.S.
Economy" by Karen R. Polenske, (Report No. 21 to the Economic Development Administration, October 1970).

II.

J
.J

THE MULTIREGIONAL ACCOUNTING SYSTEM

For the implementation of the multiregional input-output (MRIO) model, three
basic sets of data are required: interindustry flows, final demands, and interregional
flows . The first two sets of data are combined to form regional input-output tables
which show all the intermediate and final purchases made by industries and by
public and private consumers located within a particular region. These regional tables
provide a detailed specification of goods, services, and value added by the region in
which they are consumed, regardless of their region of origin. To complete the
multiregional system, the accounts must be expanded to include trade among
regions.
A.

REGIONAL INPUT-OUTPUT TABLES

Figure 1 shows an input-output table for one region. Each row of a
specific regional table shows the total distribution of a commodity to the
intermediate and final users within that region. Each column of the table shows the
total purchases of goods, services, and value added components by the intermediate
or final purchasers located in the region. The large square within each regional table
represents interindustry transactions. The rows specify the producing industry but do
not designate the region in which the good was produced. The columns specify the
purchasing industry which is actually located in the region. The rectangle at the
right of each regional table represents purchases by final consumers (public and
private) in the region. The rectangle along the bottom of the table represents
payments to factors of production: wages and salaries, profits, rent, depreciation,
taxes, etc. All of these are lumped together in the regional input-output table and
are referred to as value added.
Purchasing
Industries

Final
Demands
I

I

I
I
I
I
I

I
I

,- - - - - - -- - -t--I - --1
I

I
Figure 1
Input-Output Table for Region 1

...
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A word of caution is required to be given to those users accustomed to
working with a balanced national input-output table. For a particular regional
input-output table, the sum of all elements in each column gives the total input
requirements of each industry in the region, that is, total value of production, while
the sum of the elements in each row of the table gives the total consumption
which takes place within a region. The sums of corresponding rows and columns of
a regional table will not necessarily be equal, with the difference being attributable
to interregional trade. By definition, there are no interregional flows of value added,
hence the value added components pertain to that region only.
B.

INTERREGIONAL TRADE FLOWS

The purchases by intermediate and final users within a region form one
part of the multiregional accounting system . To complete the account, a set of
interregional trade flows is also required . Figure 2 shows the organization of these
data for one industry. Each of the trade matrices, representing the shipments of the
products of a single industry, is square and shows, for that industry, the total
shipments among all regions in the economy. (Here shipments include goods which
are produced and consumed within the same region). The same regions are listed
along the rows and columns of each matrix . For example, the first row of the
trade matrix shown in Figure 2 gives the shipments to each region of the products
of industry 1 produced in region 1. The first column, on the other hand, shows the
shipments of commodity 1 into region 1 from all regions in the economy.

Receiving Region

s:::

0

oi.
Q)

s

8

...c::

if.I

Figure 2
Interregional Trade Flows for Industry 1
4

C.

..

INTERNAL CONSISTENCY

The amount of a commodity consumed within a region, as shown in that
region's input-output table, must be equal to the amount shipped into the region as
shown in the interregional trade flow figures for that commodity . (Note that
regional shipments-in and shipments-out include intraregional shipments and
nonshipped production as well as interregional movements of commodities.) By the
same token, the total amount of a commodity shipped out of a region, as shown in
the trade flows, must equal the total amount of the commodity produced in that
region, as shown in the region's input-output table. The relationship between the
interregional trade flows and the regional input-output tables is illustrated for one
region and one commodity in Figure 3.
INTERREGIONAL TRADE
FLOWS FOR COMMODITY i
(regio n-by-region)

INPUT-OUTPUT TABLE
FOR REGION g
(industry-by-ind us try)

7!

I

I
- -

_!_ -

I

I
-

-

-

I

- - -

I
I

I
I
I
I
I

----+I

I
I

.
consumption = shipments-in

0

t

]•

j

production = shipments-out

Figure 3
RelationsMp between Interregional Trade Flows
and Regional Input-Output Tables in the Multiregional Model
D.

CONSISTENCY WITH NATIONAL FIGURES

The multiregional accounting system requires a balanced national table, as
shown in Figure 4 by the relationship between the interregional trade flows for one
industry and the national input-output table. Since the interregional trade flow
matrices were made consistent with the production and consumption figures taken

5

from the regional input-output tables, it follows that the regional input-output tables
sum to a balanced national table.
INTERREGIONAL TRADE
FLOWS FOR COMMODITY i
(region-by-region)

NATIONAL INPUTOUTPUT TABLE
(industry-by-industry)
Total Production
of Commodity i
in each region

I

I
I

-----i------1

I
I
I
I

Total national
production/consumption
of commodity i

I
I

I

Total consumption
of commodity i in
each region

.t

Figure 4
The Multiregional. Accounting System
Requires a Balanced National Table

E.

TOT AL SUPPLY BASE

The regional input-output tables and the interregional trade flows in the
multiregional model are on a total supply base. Total regional production of a
commodity is defined as the total supply of that commodity made available in the
region during the year, and therefore includes the amount of that commodity (1)
produced by the primary producer of that commodity in the region, (2) produced
as a secondary product by other industries in the region, (3) imported into the
region from abroad, and (4) brought out of inventory stockpiles in the region. Total
regional consumption of a commodity is defined as the total demand for a
commodity which originates within the region.

6

J
The regional input-outpnt tables are put on a total supply base b y
including competitive imports by port of entry, secondary transfers-in, and decreases
in inventory stockpiles as positive rows in value added, while placing secondary
transfers-out, increases in inventories, and exports by port of exit as positive
columns in final demand. The interregional trade flows can be thought of as the
mechanism which distributes the total supply available from all regions in such a
way as to satisfy all regional demands. The intraregional cells on the diagonal of the
trade flow matrices are augmented to include the double counting effect due to the
treatment of secondary products, so as to maintain internal consistency in the
model.

]
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III.

MATHEMATICAL FORl'1ULATION OF THE MODEL

The multiregional input-output (MRIO) model is a spatially differentiated,
general equilibrium model based on fixed trade coefficients.

J
TI

l

A.

MATHEMATICAL NOTATION

The components of the MRIO model can be represented as points in
four-dimensional space projected onto two dimensions. The four dimensions are (1)
region of origin, g; (2) region of destination, h; (3) producing industry, i; and (4)
consuming · industry, j. In this two-dimensional representation, the first index
indicates both region and industry of origin and the second index indicates region
and industry of destination. The element, x~_h, then, represents the amount of
commodity i produced in region g which wa§ consumed by industry j located in
region h. Other notations for the model are as follows:
A

indicates a diagonal or block diagonal matrix.

n - designates the number of regions.

]

m - designates the number of industries.
1.

1

J

Matrix Notation
X

column vector (nm. I) giving production.

Y

column vector (nm. 1) giving total final demand.
Each element describes the total amount of commodity i
consumed by final users in region g regardless of
the place where the good was produced.

A

A - block diagonal matrix (nm.nm) with n square matrices
(m.m) of input coefficients along the diagonal
describing the structure of production in each
region.
C - square matrix (nm.nm) filled with diagonal matrices (m.m).

1

Each element c?I 11 describes the fraction of
total consumption of commodity i in region h that

J
l
9

J
]

is imported fro m region g. The sum of each
column of this matrix must equal 1, since the
coefficients are proportions of total consumption . It
is assumed that each industry within region h will
consume the same fraction as imports:

2.

Element Notation
x~I 0

-

x?I h

-

the total amount of commodity i produced in
region g.
the total amount of commodity i demanded by all
final and intermediate consumers in region h.

- the total amount of commodity i produced
( consumed) in all regions.
- a trade coefficient which is the proportion of the
total consumption of commodity i in region h that
is shipped from region g to region h.

B.

THE MRIO COLUMN COEFFICIENT MODEL

The column coefficient model is based upon two sets of strnctural
constants: the stntcture of production for each region, as specified by the matrix ~'
and the structure of interregional trade for each commodity, as specified by matrix
C. The following basic sets of equations specify the economic relationships among
industries and regions:
m
x?g
I

=E

ag
ij

j= I

xgh
i

x?h
= cgh
i
I

xgo
j

+ y~
1

(1)

(2)

n

xgo
i

=B

h=l

X~h
I

(3)

j

"J

I.

·1

(.

I

]

]
r

I

n

I
1
1

I

where

1

=

l

]

I

1, ... , n.

Equation (1) shows that the total amount of commodity i demanded by
the intermediate and final users in a region must be equal to the total amount of
the commodity supplied to the region. Equation (2) states that the total amount of
commodity i shipped from region g to region h is a fixed proportion of the total
amount of commodity i purchased by region h. Equations (3) and (4) simply define
the total production of commodity i in region g and the total consumption of
commodity i in region h, respectively.
The multiregional input-output model will be written using the following
matrix notations:
Al

~

A2

0

=

where

(nm.nm)

0
Cl
C
(nm.nm)

I

t21

An

el

2

~1 n

~22

c2n

C1r

A

where
/\,r
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t~
A

"cn2

~r

A

=

en!

=

Ar

(m.m)

Ar

]

1

=

(4)

x~h

g= 1

1, ... , m. g,h
'

~1

.J

=E

x?h

cgr

(m.m)

.

=

0

A
cnn

1

11

0
ar

C°m

x10
x20

X
(nm.1)

=

xro

where

X)O

xro
(m.l)

xro

=

y

2

(nm.1)

y1

where

y2

yr
(m.1)

=

y\

=

y~

yr

xno

yn

xro

Ym

m

The column coefficient model in matrix form is written as:

=

supply for each region.)

(5)

(Production = total shipments for each region.)

(6)

(Total consumption = total production.)

(7)

(Demand
n

.xgo

=

I:
r=

1

n

B
r=

n

xor =

L

xro

r= 1

1

where r = 1, ... , n; g = 1, ... , n.
Equations (5) and (6) can be combined to obtain:
n

xgo

=D

egr N

xro

A
+ cgr

yr

(8)

r=l

where g

=

1, . ~.' n.

1.

General Solution

When the technical coefficients, trade coefficients, and final demands
are given, the set of mn unknown outputs can be solved using the mn equations.
The complete set of equations is written as:
A

X = CAX + CY

12

(9)

which when solved for X becomes:
X

=

(I -

cit 1

or X = (C- 1

CY
A

-

.

At 1 Y.

Each term in this inverse shows the output required, directly and indirectly, from a
particular industry in a particular region in order to meet a dollar's worth of final
demand for a certain commodity in another region.
2.

Iterative Solution

A general solution to the MRIO column coefficient model would
involve the inversion of a (3476 x 3476) matrix, a time consuming and expensive
operation. On the other hand, a solution for any given final demand vector can be
determined by an iterative process, saving a considerable amount of time and money
for one or several specific solutions. The disadvantage of an iterative technique is
t hat it gives a specific rather than a general solution and therefore offers little
insight into the marginal effects (shown in the inverse coefficients) of changes in
fin al demand on levels of output in different regions.
The iterative solution of the MRIO column coefficient model generates
a series of vectors X 1 , X 2 , ... , ~ which converge to the solution vector X = cc· 1 ~ )" 1 Y. The solution is specific to a given Y and reveals nothing directly about a
solution with a different Y. A modified Gauss-Jacobi method is used to solve the
model iteratively. The equation ~+l = ccht) + CY is used, where t is the
number of iterations and Xo = CY. When Xt - ccht) == CY, an iterative solution
has been obtained.

1
1
1

1
J
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THE MAPS RUN FOR THE ITERATNE SOLUTION OF T'tlE MRIO MODEL

The iterative solution to the MRIO column coefficient model generates a series
of matrices X 1 , X 2 , . • . , Xt which converge to the solution matrix X = (C- 1 -~t 1
Y. The equation ~+ 1 = C.A.Xt + CY is used, where t is the number of iterations
and . Xa = CY . When ~ - C~ === CY, an iterative solution has been obtained.
---►•

The user must provide the following:

(1) The location on tape of the regional final demands he wishes to use in
the run .

(2) The largest acceptable relative change between outputs of two successive
iterations, where relative change is the function:

I
J
J

If the relative change computed after a given iteration is less than the largest
acceptable value (introduced by the user), the criterion Xt - C~.Xt === CY is satisfied
within the accuracy desired and convergence to a solution has been obtained.
(3)

The maximum number of iterations he wishes to do if convergence is

slow .

-

~I

(4) The location on tape or drum where he wishes to save the output from
the nm . The places in . the runstream where this information is introduced are
marked with an arrow in the left margin.

I

A-1

COMMENTS

MAPS MACROINSTRUCTION
@RUN RUNID ,ACCTNO,PROJ ,2
@ECL.MAPS
DIM Y 44 79$

y
holds final demand by place
consumption (Y), then final demand
place of production (CY).

DIM X 44 79$

X holds output from each iteration.

DIM XPREV 44 79$

XPREV holds
iteration.

DIM A 79 79$

A holds the technical coefficient matrix for
each region.

DIM C 44 44$

C holds the trade coefficient matrix for
each commodity.

DIM ITER$

ITER holds
iteration.

DIM ONE$

ONE holds the value 1.

DIM MAXITR$

MAXITR holds the maximum number of
iterations to be done in the run.

DIM .SUM$
DIM TOT$

SUM and TOT hold the totals needed to
calculate the relative change.

DIM RELCHG$

RELCHG holds the computed relative
change in output from each two successive
iterations.

DIM TSTVAL$

TSTVAL holds the value
acceptable relative change.

r,

A-2

output

the

from

number

the

of
by

previous

of the current

of the largest

I -

I
COMMENTS

MAPS MACROfNSTRUCTION

I

DIYI D 1 79S
DIM E 44S
DIM F 1 79S
DIM G 44S
DIM H 44S

D, E, F, G, H, I, and J are intermediate
working areas used by the program .

DIM I 3$
DIM JS

I
1
1

DIM K$

K is the LOOP variable.

SETR TSTVAL .0005$

Establish the value for the largest acceptable
relative change.

SETR MAXITR 20 .$

Establish the maximum number of iterations
to be done.

SETR ONE 1.$

The incremental value

INT APE Y (slot 1) 3476 1 0$
FREE (slot 1)$

Read in the final demand from tape and
free the tape . *If the user introduces final
demand from a source other than tape ( cards,
drum), these macroinstructions should be
changed accordingly.

INT APE A (slot 2) 6241 1 43$

Tape slot 2 contains the 44 regional A
matrices followed by the 79 C matrices.
This macroinstmction positions the tape in
front of the first C matrix.

LOOP K 79 4$
INTAPE C (slot 2) 1936 1 0$
CVMOVE YE KS
MVMULT CE G$
VCMOVE G Y K$

This loop gets CY (final demand by place
of production).

MMOVE Y X$

X(O)

REWIND (slot 2)$

Rewind tape so that it is
front of the first A matrix

l
J
1

A-3

=

1.

= CY.
positioned in

COMMENTS

MAPS MACROINSTRUCTION

MADD ITER ONE ITER$

Increment it eration count by one.

MMOVE X XPREV$

Save output from previous iteration.

LOOP K 44 4$
INT APE A (slot 2) 6241 1 0$
RMOVE X D K K 1 1$
MVMULT AD F $
RMOVE F X 1 l K K$

This loop gets AX (intermediate demand by
place of consumption).

LOOP K 79 4$
IN TAPE C (slot ~) 1936 1 0$
CVMOVE X E K$
MVMULT CE G$
VCMOVE G X K$

This loop gets CAX (intermediate demand
by place of production).

MADD X Y X$

CAXt + CY

CLEAR SUM$
CLEAR TOT$

Zero out cumulative sum areas.

LOOP K 79 4$
CVMOVE XE K$
VALG E E E 3$
MSUM EH J I$
MADD J SUM SUM$

This loop gets the sum of the squared terms
of X.

MSUB X XPREV XPREV$

XPREV

LOOP K 79 4$
CVMOVE XPREV E K$
VALG E EE 3$
MSUM EH J I $
MADD J TOT TOT$

This loop gets the sum of the squared terms
of (X - XPREV) .

SDIV TOT RELCHG SUM$

Calculate the sum of the squared terms of
(X - XPREV)/the sum of the squared terms
of X.

A-4

=

= Xi

+ 1

(X - XPREV).

COMMENTS

MAPS MACROINSTRUCTION
NROOT RELCHG 2$

Relative change
above expression.

=

the square root of the

TESTGT RELCHG TSTVAL 1 1 1 1$ Test to see whether the relative change is
small enough. If so, go to the end of the
GOTO 3$
program. If not, continue.
TESTEQ ITER MAXITR 1 1 1 lS
GOTO -32S

If the maximum number of iterations has been
done, continue. If not, go back and begin
another iteration.

OUT APE X (slot 3) YES$

Write the final output matrix on tape (or
drum), if desired .

GMEDIT X 0$
GMEDIT ITER OS
GMEDIT RELCHG 4$

Print the final output matrix, the number of
iterations done, and the relative change after
the last iteration.
I

ENDS

A-5
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BIBLIOGRAPHY OF SELECTED MATERIAL ON
REGIONAL INPUT-OUTPUT MODELS
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1. Brodersohn, Mario S., A Multiregional Input-Output Analysis of the Argentine
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Studies," EDA Report No . 8 (Harvard Economic Research Project), June,
1968.
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5. Isard, Walter, "Interregional and Regional Input-Output Analysis: A Model of a
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6.

Methods of Regional Analysis, Cambridge:

MJ.T. Press, 1963 :

7. _____ , "Some Empirical Results and problems of Regional Input-Output
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8. Leontief, Wassily, and Alan Strout, "Multiregional Input-Output Analysis,"
Input-Output Economics, Edited by Wassily Leontief, New York: Oxford
University Press, 1966, pp. 223-257.
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Ronald, "The Impact of the Aluminum Industry on the Pacific
Northwest: A Regional Input-Output Analysis," Review of Economics
and Statistics, XXXIX, No. 2 (May 1957), pp . 200-209 .

IO. Moore,

Frederick T ., and James W. Petersen, "Regional Analysis: An
Interindustry Model of Utah," Review of Economics and Statisti5'.~
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11 . Moses, Leon N., "A General Equilibrium Model of Production, Interregional
Trade, and Location of Industry," Review of Economics and Statistics,
XLII, No. 4 (November 1960), pp . 373-397 .
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"The Stability of Interregional
Input-Output Analysis,'' American Economic
(December 1955), pp . 803-832.

13 . Polenske, Karen R., "A Case
Multiregional
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University, May, 1966.
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XLV, No . 5
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Unpublished
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Harvard

14.

"Empirical Implementation of a Multiregional Input-Output
Gravity Trade Model," Contributions to Input-Output A.!1~1.Y§i§., Edited by
A.P. Carter and A. Brody, Amsterdam: North-Holland Publishing
Company, 1970 .

15.

"An Empirical Test of Interregional Input-Output Models:
Estimation of 1963 Japanese Production," The American Economic
Review, Vol. LX, No . 2, May, 1970.

16. Tiebout, Charles M., "Regional and Interregional Input-Output Models: An
Appraisal," Southern Economic Journal, XXIV, No. 2 (October 1957),
pp. 140-147 .
,MULTIREGIONAL INPUT-OUTPUT MODEL:

1. "A Guide for Users of the U.S. Multiregional Input-Output Model" by Karen
R . Polenske, Carolyn W. Anderson, and Mary M. Shirley (available from Mr.
John E. Harman, U.S. Department of Transportation, 400 7th Street, S.W.
(TPI-10), Washington, D .C. 20590) ,
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2. A series of volumes on the MRIO model is being published by Heath
Lexington Books, Lexington, Massachusetts (address inquiries to: Martin
Anderson) . fach volume costs $25 .00.
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a.

Polenske, Karen R ., et al., State Estimates of the Gross National Product,
1947, 1958, 1963 . (Published May 1972.)

b.

Rodgers, John M., State Estimates of Outputs, Employment, and Payroll~
1947, 1958, 1963 . (Published August 1972.)

c.
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